Introduction
The study of short-pulse laser propagation through scattering and participating medium has received significant recent interest [1] [2] [3] [4] . This technique is used in the processing of treatment of metallic materials [1] , microstructures [2] , laser surgery [3] and photodynamic therapy [4] . In addition, it can reduce the destruction to adjacent healthy cells by its lower heat-affected zone [3, 4] . It is also applied to several high-precision medical treatments such as ophthalmology, neurosurgery, and corneal surgery [1] [2] [3] [4] .
To study the effects of laser light on tissue phantoms, the solution of the Transient Radiative Transfer Equation (TRTE) is required. Recently, several numerical methods have been established to model the light propagation through participating tissues. The Monte Carlo [6] [7] [8] [9] , the integral equation (IE) formulation [10] [11] [12] , and the Discrete Ordinates [13] [14] [15] methods have been developed to study the unsteady radiative heat transfer. The Finite Volume Method (FVM) has been also developed and used [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] . Several researchers have demonstrated that he FVM has a respectable compromise between precision, flexibility, and moderate computational conditions [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] . It is also known by its compatibility with other methods applied in Computational Fluid Dynamics. FVM has been formulated and applied in several number of steady and transient radiative transfer cases [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] . However, the ray-effect and false scattering occurring in the Finite Volume Method [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] . They are the two major discretization errors in the approximate FVM predictions for the TRTE.
High-order differencing spatial discretization schemes have been formulated to decrease the ray-effect. The MINMOD, CLAM, MUSCL and SMART schemes have been proposed and tested for several benchmarks [23] [24] [25] [26] [27] [28] [29] [30] . In another hand, the angular-multiblock technique has been proposed by Chai et al. [28] and applied to decrease the false scattering. This procedure applies finer angular grids in optically thick zones. In addition, the non-uniform FTn FVM angular discretization has been formulated and examined for transient radiation transfer in participating scattering media [22] [23] [24] [25] [26] [27] [28] [29] [30] . The predictions proved that a decrease of the false scattering is obtained in 3D cases and good agreements with the reference results are achieved. The results of the combination between the FTn FVM and the CLAM scheme proved that they produce more uniform distribution of the control-angles than the uniform FVM angular discretization. Thus, in this paper, the unsteady radiative transfer equation is solved using this combination of schemes to analyze the effects of a short-pulse laser subjected to a homogeneous and heterogeneous medium containing inhomogeneity zone, such as abnormal zones. The influences of the main optical parameters are examined.
Mathematical formulation

Transient radiative transfer equation
The biomedical tissue phantom scatters and absorbs the light. In this paper, a 3D rectangular absorbing and scattering medium is considered. Both homogeneous and heterogeneous mediums are studied. Thus, when a short-pulse laser is subjected to this medium, the system is described by Transient Radiative Transfer Equation (TRTE) as follows [31] [32] [33] 
is the extinction coefficient of the medium. The collimated and diffuse radiation terms are given as follows In the above equations, I b is the blackbody intensity, c med is the speed of light in the medium, and t is the time. σ a and σ s define the absorption and the scattering coefficients of the medium, respectively. Ф denotes the scattering phase function and express the probability of a ray from one control angle, l', will be scattered into a certain other control angle, l. The intensity of the ultrafast laser, I c , has a Gaussian expression in time and it is uniform in space as follows [32] 
where I o is the maximum radiation intensity of the laser pulse, which happens at t = 3t p = 1.5/βc med . After 6t p , the medium is free from irradiation.
Discretization of the TRTE using the FTn FVM
In this paper, the FTn angular scheme of the Finite Volume Method (FTnFVM) is applied. The FTnFVM used n(n + 2) control angles and it subdivides the polar angle uniformly into an even number, n. However, the azimuthal angle is subdivided into the numbers of the arrangement of 4, 8, 12, ..., 2n, 2n, ..., 12, 8, 4 in each level of the polar angle [22] [23] [24] 29] . Thus, non-uniform control angles is obtained. In another hand, sevreal spatial discretization schemes may be applied to relate radiation intensities on the interfaces to the radiation intensity at the grid nodes. The Curved-Line Advection Method (CLAM) scheme differs from the STEP scheme by the interpolation of intensities in a specified interface [22] [23] [24] [25] . While the STEP scheme includes two grid nodes (one downstream node and one upstream node), the CLAM scheme used three grid nodes stencil: one downstream node and two upstream nodes. In the present formulation the above schemes are investigated [22] [23] [24] .
The Forward Euler scheme or the so-called the Explicit scheme, is a 1 st order numerical procedure, in which the temporal dependent variable in the time instant ( + ∆ ) at a given point (as example for the TRTE: the radiation intensity at time instant + ∆ : +∆ ) can be calculated explicitly from the current time instant ( ) solution values (as example for the TRTE: ), according to (for the TRTE example):
where ∆ is the time step and is the temporal derivative of at the instant , divided by the propagation speed of light within the medium, med . This temporal scheme is easier to apply and computationally more efficient than the Backward Euler (Implicit) scheme, where the solution +∆ is determined by resolving a set of equations containing both the current and latter state. It is also mentioned that the explicit scheme needs a smaller time step ∆ , by comparison to the implicit scheme, in order to reach numerical stability. An in-house FORTRAN program was established. The discrete set of algebraic equations is resolved using tridiagonal matrix algorithm (TDMA) and an iterative procedure. The following convergence is applied
where k represents the number of iteration.
Results and discussion
The developed in-house code, which represents a combination of the CLAM scheme and the FTn for spatial and angular discretizations of the transient radiative transfer equation, is examined for heterogeneous medium containing a small inhomogeneity zone. The effects of main optical parameters on transmittance and reflectance profiles are analysed.
Problem description
In this work, the present method is tested to study a short-pulse laser propagation through scattering cubic medium containing one or two small inhomogeneous zones.
Benchmark comparison
The cubic heterogeneous medium, with dimensions L= W = H = 10 mm and thermo-radiative properties = 0.01 mm -1 for the absorption coefficient and ′ = 1.00 mm -1 for the reducedscattering coefficient [41] , containing an inhomogeneity with dimensions of 1.2 ×1.2×1.2 mm 3 fixed at its center ( Figure 1 ). In the inhomogeneous zone, the reduced-scattering coefficient and the absorption coefficient are taken at ′ = 1.00 mm -1 and the absorption coefficient = 0.10 mm -1 . The predictions of the temporal normalized intensity using the two proposed schemes of the FTnFVM are compared to the Monte Carlo (MC) solutions [42] , in which the model resembles to the experimental predictions for ultrafast laser light interaction within medium (Figure 2) . The results prove that the CLAM scheme are giving almost similar predictions as those of the MC method. The STEP predictions are slight mismatching the solutions of the MC method in both detector positions. ). Figure 3 displays the effects of the inhomogeneous zone on the temporal reflectance and transmittance. It is noted that both temporal signals are normalized by their corresponding highest values for the inhomogeneous case at all 7 detector positions. In addition, in the homogeneous case the absorption coefficient of the inhomogeneity zone is the same as its value in the surrounding medium, i.e. σ a = 0.01 mm -1 . However, in the case of an abnormality with an implanted fluorescent dye, ′ = 0.50 mm -1 is considered in the inhomogeneous zone. In this section only the CLAM predictions are discussed. For both homogenous and heterogonous mediums, Figure 3 shows that the change of the detector position varies both the broadening of the signal pulse-width and the time with peak reflectance and/or transmittance .That is can be explained by the effects of the distance and the medium property between the laser-incident source and the detector position. Thus, these parameters are the main factors for determining the peak position and the pulse broadening. The results prove that the time of peak position and the broadening of the pulse increase with the increase of the distance between the laser-incident point and the detector. From detector 1 to 3, the dissimilarity in the temporal profiles between the homogeneous media and the heterogeneous one is insignificant and it becomes clearer from detector 4 to 7. 
Effects of presence of the inhomogeneity zone
Effects of the absorption coefficient of the inhomogeneity zone
All thermo-radiative and geometrical properties are those of the above section. However, here, the reduced-scattering coefficient in the inhomogeneous zone is taken at ′ = 1.00 mm -1 and four absorption coefficients, = 0.01, 0.1, 0.2 and 0.50 mm -1 , are considered. For abnormal medium, the absorption coefficient of the inhomogeneity may change widely. Thus, Figure 5 shows the influence of this coefficient on the temporal transmittance using the CLAM scheme. It is shown that the amplitudes of the signals for detectors, 2, 4, and 6 are reduced by increasing . In addition, this increase widens the difference in the signals between the homogeneous and heterogeneous models. Even with a slight rise of absorption (e.g., = 0.05 mm -1 ), the difference is still observable. The effects of the absorption coefficient of the inhomogeneity on the AVLS is manifested in Figure 6 . The Absolute Values of Logarithmic Slope is almost linearly proportional to this coefficient as proved by the predictions for the selected detectors 2, 4 and 6.This AVLS can be a perfect sign to detect any inhomogeneity. Such a discovery presented here for inhomogeneous medium containing small inhomogeneity zones may be explored for early finding of malignant in biomedical tissue.
Effects of the size of the inhomogeneity zone
In this section, three test cases, no inhomogeneity, a 1.2x1.2x1.2 mm 3 inhomogeneity, and a 2x2x2 mm 3 inhomogeneity are considered to evaluate the performance of the FTn FVM. The absorption coefficient of the inhomogeneity is fixed at 0.5 mm -1
. Figure 7 presents the normalized intensities results for the selected detectors 3, 5 and 7.
The increase of the size of the inhomogeneity zone reduces the intensity of radiation (Figure 7 ). In fact, the large inhomogeneity (2x2x2 mm 3 ) situation produces the smallest value, thus its intensity of radiation is reserved as the reference for comparison (Figure 7 ). The predictions proved that the size variation of inhomogeneity does not affect significantly the predictions in detector position 1. This can be explained by the fact that the interval between the source and this detector is not directly affected by the presence of the inhomogeneous zone. A strong influence of the intensity of radiation in detector positions 2 and 3 is obtained because the inhomogeneity is introduced between the source and these detectors. Figure 9 . By comparison with the single and central inhomogeneity model, the predictions of the detector 7 for dual-inhomogeneity positions are not clearly different from those for homogeneous medium because the two inhomogeneity positions are very far away from this detector in this case. However, the results of detector 5 are more affected in the case of two inhomogeneities as compared to the single-inhomogeneity model predictions above. In another hand, it is shown that the STEP solutions will predict improper results when the detector is close to the highly absorbing inhomogeneity region due to the large false scattering obtained when this scheme is applied. Thus, a mesh refinement is required. However, the CLAM scheme produces quantitative and qualitative predictions due to its high accuracy and its lower false scattering. 
Conclusions
In this work, three-dimensional medium subjected to a short-pulse laser has been examined using the FTn Finite Volume Method. Both the CLAM and STEP schemes have been applied to discretize the transient radiative transfer equation. Heterogeneous medium containing small inhomogeneous zones have been considered. The present predictions are confirmed by comparison with Monte Carlo reference solutions. The CLAM predictions proved that a decrease of the false scattering and ray effects have been obtained. Thus, good agreements with the reference results have been achieved. However, the STEP results are slightly mismatching the solutions of the reference method. The influence of the absorption coefficient, the size, the number and the position of the inhomogeneity zone on the reflectance and transmittance signals have been analyzed. The effect of the absorption coefficient in the inhomogeneity zone on the Absolute Values of Logarithmic Slope (AVLS) has been discussed. The results proved that this AVLS can be a good sign to detect any inhomogeneity zones. Such a discovery presented here for inhomogeneous medium containing small inhomogeneity zones may be explored for early finding abnormal zone in the medium. Further complete theoretical and numerical search will survey in the next phase of this work to response this important goal of this paper.
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